Curvature, Characteristic Classes, and Cohomology
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1 What is Curvature?

The story begins with a basic fact from multivariable calculus: that under mild regularity conditions, second
partial derivatives will commute
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To prove this statement, we will need the following lemma which is a sort of two-dimensional version of the
mean value theorem. We follow the argument in [2].

Lemma 1.0.1. Let U C R? be an open subset and let f: U — R be a function such that ngl and Mff;xl exrist
onU. Let S CU be a closed rectangle with sides parallel to the coordinate axes, with (a,b) and (a+ h,b+ k)
as opposite vertices for some h,k # 0. Then there exists a point (x,y) in the interior of S such that
0
f(a,b) — f(a+h,b) + fla+ h,b+k)— fla,b+ k) = hkif(x,y). (1.0.2)
8x28z1

Proof. Define the function u(t) := f(¢,b+k)— f(¢,b). By the mean value theorem, there exists some = between
a and a + h such that hu/(z) = u(a+h) —u(a). Likewise, by the mean value theorem applied to the function
v(t) == %(% t), there exists some y between b and b+ k such that v(b+ k) — v(b) = kv'(y) = k%(aa Y).
Hence,

(1.0.1)

fla,b) — f(a+h,b)+ f(a+h,b+ k) — f(a,b+ k) = u(a+ h) — u(a)
= hu/(z)
= hlv(b+ k) — v(b)] (1.0.3)
- ka;;‘;xl ().
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This leads to the claimed symmetry of second partial derivatives. This result is often called Clairaut’s
theorem.

Theorem 1.0.1 (Clairaut’s Theorem). Let U be an open subset of R™ formn > 2, and let f: U — R be a

function sluch that %7 ngj, and 69}%@ exist on U. Suppose that % is continuous at a point (a,b) € U.
Then #ng exists at (a,b), and
of of
b) = b). 1.0.4
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Proof. 1t is clear that by reindexing and projecting onto the first two factors, we may assume without loss
of generality that n =2,7=1, and j = 2.
Pick € > 0. Since Bx?g:ci is continuous at (a,b), we may find a closed rectangle S C U with opposite
vertices (a,b) and (a + h,b + k) such that
of of
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for all (z,y) € S, by taking h and k sufficiently small. By Lemma this can be written as
fla,b) — fla+hb) + fla+h,b+k)— fla,b+k)  Of

Taking k£ — 0 in the above inequality, we obtain

(x,y)‘ <e (1.0.5)

(a, b)‘ <e (1.0.6)

e (a+hb) = ghab) 9
9% 9% O apl<e (1.0.7)
h 8@81:1
The result follows now by taking h — 0 and € — 0. O



The relevant consequence of Clairaut’s theorem will be that in R? for instance, we can always extend a
given tangent vector at a point to a parallel vector field in a neighborhood of that point. We will argue that
the inability to do so on a general space is ultimately a consequence of curvature. A good reference for these
ideas is [1].

Indeed, let p € R? be (without loss of generality) the origin, let Zy, be a tangent vector at p, and let U > p
be any neighborhood of p. Let z; and 2 be the standard coordinates on R2, and consider the coordinate
vector fields X = 0,, and Y = 9,,. Let ¢ = (z,y) be a point in U. We can define the vector Z, by
first taking the parallel transport of Z, along the zj-axis to the point (z,0), and then taking the parallel
transport of the resulting vector along the x5 coordinate line to the point (x,y). This gives a vector field Z
defined on U extending Z,.

By construction, Z is parallel in the Y direction at any point ¢ € U (meaning that VyZ = 0 on U). So
for Z to be parallel, we just need to have that the covariant derivative VxZ vanishes as well on U. It is
clear that Z is parallel along the axis x5 = 0, though it is not evident that Z should be parallel in the X
direction at points away from the zo = 0 axis.

Consider the vector field Vx Z. We would like this vector field to vanish identically on U, and we know it
vanishes on {(z,0) € U}. For any ¢ = (z,y) € U, we therefore know that (VxZ),,0) = 0 and we also want
(VxZ)q = 0. Note that the zero vector at ¢ is the unique parallel transport of the zero vector (Vx Z)z,0) = 0
at (z,0) along the x4 coordinate line z1 = x, so by demanding (VxZ), = 0, we are really just demanding
that the vector field Vx Z is parallel along the x5 coordinate lines. That is, we want VyVxZ = 0. But we
can calculate:

VyVxZ = VYVX(ZlX + ZQY)
07, 0Zs
= X
61'2(91'1 + 8w28x1
YA D7y (1.0.8)
= X Y
8%161’2 + 81'181'2
=VxVyZ
=0

Y

with the third equality in Equation [T.0.8| coming from the fact that the Z are smooth since parallel transport
gives smooth vector fields and Clairaut’s theorem. Therefore on R? (and more generally R™), we are able to
extend the tangent vector Z, to a parallel vector field Z in a neighborhood of p. This was a consequence of
the fact that VxVyZ — VyVxZ = 0.

However, this identity need not hold on R"” for every choice of vector fields X and Y. More generally, if
X and Y are arbitrary vector fields on R", we will have

VxVyZ—-VyVxZ=Vyx (Z Y(Zi)ami> —Vy (Z X(Zi)azi>
= Z (X(Y(Zi)) = Y(X(Z)))] O,

= V[va]Z.

(1.0.9)

So while it is not fair to say that VxVyZ — VyVxZ = 0 for all vector fields X, Y, and Z on R", it is fair
to say that the quantity
R(X, Y)Z = VvaZ — VYVXZ — V[X7y]Z (1010)

vanishes for all vector fields X, Y, and Z on R”. In the situation that X and Y are coordinate vector fields,
their Lie bracket [X,Y] will vanish, and thus the above will reduce to VxVyZ — VyVxZ = 0. When
[X,Y] = 0, the flows generated by X and Y will be such that taking the flow along X and then along YV
and the flow along Y and then along X will form a closed “rectangle”. We will see in Theorem [1.0.2] up to
second order in the side lengths of the rectangle, the difference between the parallel transports of Z,, to the
opposite corner of the rectangle along both edge paths is controlled by this map R.

Let us now try to understand why extending a tangent vector to a parallel vector field is not possible in
an arbitrary space, and how this failure is measured by the tensor R. Consider the unit sphere S? equipped



with its usual round metric:
gs2 = do?® + sin® p df?, (1.0.11)

where 6 and ¢ are the spherical coordinates defined by 6 = arctan (y/z) and ¢ = arccosz for z > 0 and
y # 0. A calculation shows that the only nonzero Christoffel symbols of the Levi-Civita connection are

FZW = Fiﬂ = cot ¢, Iy, = —singpcos . (1.0.12)

In particular, Fz#, = Fg’ ,=0on the equator ¢ = 7/2 so the vector field 0, is parallel along the equator,
and I‘ZM =17 , = 0 everywhere so 9, is parallel along every meridian 6 = 6y of the sphere. However, the
Christoffel symbol FZV ,, does not vanish for ¢ # 7/2, meaning J, is not parallel on latitudinal lines that are
not the equator.

This implies that given the point p = (0,7/2) and the tangent vector (J,)p, there is no neighborhood of
p that admits a parallel extension of (9,),, for such a neighborhood would have to contain a small spherical
coordinate rectangle whose bottom left vertex is p. If the top right vertex of this rectangle is ¢, then parallel
translation along the bottom edge (the equator) followed by the right side (a meridian), will yield (0,)q,
whereas taking the other two edges will not. The obstruction is the fact that J, is not parallel along the
latitudinal top edge of the rectangle.

We can actually be extremely explicit about this misbehavior. For a small € > 0 let us consider the
parallel ¢ = (7/2) — € and calculate the difference between (0,)(g,(x/2)—e) and the parallel transport of
(04)(0,(x/2)—e) to the point (0, (7/2) — €) through the parallel.

Let V(0) = Vo(0)(0) 6,(x/2)—¢) T Vi (0)(9) (6,(x/2)—€) be the parallel transport vector field. The parallel
transport equations dictate that the component functions Vyp and V,, solve the following system of differential
equations:

Vg +cot (5 —¢€)V,=0
Vé—sin(g—e)cos(%—e)%zo (1.0.13)
Vy(0) =0 o
Vo(0) = 1.
This kind of system also arises with coupled linear oscillators. The solution is
sin ((sin€)8) )
V() = ——— = (00)(o,tr/2—) + cos ((sin €)0) (D) 0, (x/2)-o)- (1.0.14)

When we take € = 0, we have V(0) = (0,)s,(x/2)—¢) as expected, since J,, is parallel along the equator. We
can therefore draw the following picture of parallel transport.
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Observe that parallel transport first up through a meridian and then along the latitude ¢ = (7/2) — € (the
route of purple vectors) yields a vector that is different from going the other route (the route of pink vectors)
around the rectangle. The difference between the two resulting vectors is

sin ((sin€)#) .
V(9> — (850)(97(71./2)76) = —(C(()T(ag)(gy(ﬁ/g),ﬁ) + [COS ((sm 6)9) — 1] (8so>(6,(7r/2)7e) (1.0.15)
Writing out the terms to second order in € and 6, Equation [1.0.15| becomes
V(0) = (D) (0.(x/2)—) = —€0(90) (9, (x2)—c) + O (II(e, D)%) , (1.0.16)

but it is clear from our Christoffel symbols that
R(09,04)0, = Vo,Vo,0, — Vo, Vo,0,
= —Va, ((cot ¢)0p)
= (—cot? ¢ + csc? )y
= —0p.

So actually Equation can be written as
V() = (9)(0,(x/2)—c) = €0(R(,05)) (0, /2)—) + O (II(e,0)]*) - (1.0.18)

This is the geometric essence of curvature. The curvature of the sphere is what causes parallel transport from
one vertex of a coordinate rectangle to the opposite one along two different edge paths to yield different re-
sults. Our computation above shows that up to second order in the side lengths of the rectangle, the difference
is reflected by the vector (R(dp, 0,)0,) 6, (x/2)—¢)- This is a slight coincidence in our case as we will see in The-
orem that the correct difference vector up to second order is actually (R(0p,0,)0p)(0,x/2)—(0,(x/2)—€)5
which is defined to be the parallel transport of (R(dy,0,)0,)(0,x/2) to (0, (7/2) — €) along either edge path
in the coordinate rectangle. In any case, we have sufficient probable cause to give R a worthy name.

(1.0.17)

Definition 1.0.1. Let M be a Riemannian manifold of dimension at least 2 and let V be its Levi-Civita
connection. The map R: X(M) x X(M) x X(M) — X(M) defined by

R(X,Y)Z =VxVyZ—-VyVxZ — V[X’y]Z (1.0.19)

is C°°(M)-linear in all three arguments and is thus a (3, 1)-tensor field on M called the Riemann curvature
tensor.

It is actually not obvious from the definition that R is tensorial. In fact, the definition suggests the
opposite as it alludes to covariant and Lie derivatives. It is a simple calculation using the Leibniz rule that
the particular combination of derivatives in the definition of R is nonetheless C°°(M)-trilinear and thus
tensorial. This is also a motivation for the term V{x yZ in the definition. The upshot of tensoriality is that
for any point p € M, R descends to a R-trilinear map R,: T,(M) x T,,(M) x T,(M) — T,(M), which can
be computed on tangent vectors X,,, Y,, and Z, by just extending those vectors smoothly to vector fields,
applying R, and then evaluating at p.

To establish our geometric interpretation of the Riemann curvature tensor, we first need the following
technical lemma.

Lemma 1.0.2. Let M be a smooth manifold of dimension at least 2, and let V be a connection on M.
Suppose X and Y are commuting vector fields in a neighborhood of p € M, so that their flows ®x and
®y form coordinate rectangles in the neighborhood. Let S be a coordinate rectangle whose vertices are p,
p =@ (e), ¢ = DV.(0), and ¢ == @g;(e) = fI)f,, (0) for some sufficiently small €,5 > 0.

Let V € T,(M) be a tangent vector. Let U € T4(M) be the parallel transport of V' along the sides of S
from p top’ to q, and let W € T,(M) be the parallel transport of V' along the sides of S from p to ¢’ to q.
Then relative to a coordinate frame containing X and Y,

Uy = Vi = ViT ,(0) — VT, () + 0 (Vi ()T, () — ViX(T )l ) +O(,6%), (1.0.20)

Wi = Vi = 6V 5 (0) — eViT 5 (p) + 8 (ViTd (o), (0) = ViY (T )y ) + O(2,63). (1.0.21)



Proof. We will derive the formula for Ug. The formula for Wy follows completely analogously.
Let T be the parallel vector field on the edge from p to p’ given by parallel transport of V. By Taylor’s
theorem and the parallel transport equation,

Ti(e) = Vi + €T5(0) + O(€%) = Vi, — eV;T% (p) + O(€?). (1.0.22)

Now let @ be the parallel vector field on the edge from p’ to ¢ given by parallel transport of T'(e). By Taylor’s
theorem, the parallel transport equation, and Equation [T.0.22]

Q)1 = Tir(€) + 0Q1(0) + O(5%)

‘ (1.0.23)
=V, — erF]}(’j(p) — 51”1“/)3»(;0') (Vj — eViFfX’i(p)) + 0(62, 5?).

The result now follows from combining this with Taylor’s theorem applied to 1"? ;» which tells us that
b (1) =I5 (p) + X (T% )]y + O(e2). (1.0.24)
O

We can now state and prove our result which gives us a geometric interpretation of the Riemann curvature
tensor.

Theorem 1.0.2. Let M be a Riemannian manifold of dimension at least 2, and let R be the Riemann
curvature tensor on M. Suppose X and Y are commuting vector fields in a neighborhood of p € M, so that
their flows ®x and Py form coordinate rectangles in the neighborhood. Let S be a coordinate rectangle whose
vertices are p, p' = ®% (€), ¢’ := BV (), and q == @g;(e) = <I>€,/ (0) for some sufficiently small €,6 > 0.

Let V € T,(M) be a tangent vector. Let U € T,(M) be the parallel transport of V' along the sides of S
from p to p’ to q, and let W € T,(M) be the parallel transport of V' along the sides of S from p to ¢’ to q.
Let (Rp(Xp,Yp)V)poq be the parallel transport of Ry(X,,Y,)V € T,(M) to q along either edge path of S.
Then,

W —U = ed(Ryp(Xp, Yp)V)psq + O (H(Ea 5)“3) : (1.0.25)

Proof. We first calculate the components of R,(X,,Y,)V. Since the curvature tensor is defined in terms
of derivatives, we must extend V to a smooth vector field, which we call V, to first calculate R(X, Y)V
As predicted by tensoriality, we will see that all derivatives of V cancel which means the result will only
depend on the vector V € T,,(M), and not on our choice of extension to a vector field. We use the Einstein
summation convention which means all indices in the following calculation (except the fixed index k) are
implicitly being summed over.

(R(X,Y)V)p = VxVyV — VyVxV
= Vx [(Yi0h(Va) + YiViT2)0u | = Vy [(X:0:(Va) + XiV;T2,)00]
— X0, (Ymam(f/k) + me/grﬁ%e) X, (Ymam(vj) + Y Vil Z) s
- Yi0; (Xmam(vlc) + merfnJ) -Y (Xm(‘)m(f/j) + me/frfn,e) IY
= Ox (ay(f/k) + %F’;Z) + (8y(f/j) + f/gl“{w) T,
-y <3X(‘7k) + WFI}(,@) - (5X(‘7j) + Wrégz) Iy,
= 3X(‘7IZFI)€<£) + 8Y(‘7J)F§(,j + %Fgf,erl)v(,j - aY(VéF])C(,z) - 8X(‘7j)rlf/,j - %F’)C(,zr?j
= VjX(P?j) - ‘%Y(Flj(,j) + f/i]-—‘gf,i]'—d;(,j - Vzl—%{zrlxc/g

(1.0.26)

The first equality is because [X,Y] = 0, the fourth equality comes from the fact that we are working in a
coordinate frame containing X and Y, the fifth equality uses Clairaut’s theorem to cancel some terms, and
the last equality comes from the Leibniz rule. As claimed there are no derivatives left in the final expression,
so we may evaluate it freely at p.



Applying Lemma to the Levi-Civita connection on M, we obtain formulas for the components of U
and W. When we subtract those formulas, all terms up to first order cancel leaving behind

Wi, = Ui = &6 (VX (T§ )l = VY (T )l + Vi) 5 () — Vil (0)Th,(0) ) + O(¢2,6%). (1.0.27)

Notice that if we take either € — 0 or § — 0, the rectangle should collapse so that both edge paths become
the same and thus Wy, = Uy. Hence for any power n, there cannot be any pure € or 6" terms in Equation
for such terms would represent an obstruction to the vanishing of Wy — U when § = 0 or € = 0,
respectively. In particular, there are no €? or 62 terms so the error term O(e2,2) in Equation can be
improved to order 3:

Wi, = Uk = 8 (VX (05)lp = VY (T )l + Vild, ()T (9) = ViTk ()78, (0)) + O (e, 9)) - (1.0.28)

Now we observe that by Equation [1.0.26] the e term above is precisely the k" component of R,(X,,Y,)V.
Therefore,
Wy, — Uy = €6(Rp(Xp, V) V)i + O (||(e,0)]1%) - (1.0.29)

By Lemma applied to R,(X,,Y,)V € T,(M), the components of (R,(X,,Y,)V),_, agree with the
components of R,(X,,Y,)V itself up to zeroth order regardless of our choice of edge path from p to ¢. Since
€d is quadratic, it follows that W —U — ed(R,(X,, Y),)V)p—q is cubic in € and ¢ and this establishes Equation
1.0, 25| O

2 Formal Properties of the Curvature Tensor

In this section we will begin the consideration of arbitrary connections on general vector bundles. Just as
the Riemann curvature tensor is defined from the Levi-Civita connection, arbitrary connections will give rise
to curvature tensors.

Definition 2.0.1. Let M be a smooth manifold and let (E,7: E — M) be a vector bundle on M. Let
V:X(M)xT'(M,E) — I'(M,E) be a connection on E. Let eq,...,e, be a local frame for E. Then there
are 1-forms wj-, defined in the neighborhood of the local frame, such that

VXej = ZOJ;(X)SZ (201)

for all vector fields X. These w; are called the connection forms of V relative to the frame eq, ... e,.

Observe that the connection forms do not transform tensorially upon choosing a different local frame, so
they are not intrinsic invariants of the connection, though this fact is somewhat suppressed in the notation.
The motivating example is when V is a linear connection, in which case the connection 1-forms are essentially

the Christoffel symbols since Ff,j = f(el)

Definition 2.0.2. Let M be a smooth manifold and let V be a linear connection on M. The map 7: X(M) x
X (M) — X(M) defined by
7(X,Y) =VxY - VyX — [X,Y] (2.0.2)

is a (2, 1)-tensor field on M called the torsion tensor of V.

Observe that this tensor is what needs to vanish in part of the definition of the Levi-Civita connection.
In general, we have the following relationship between the connection forms of a linear connection and the
torsion tensor.

Theorem 2.0.1 (Cartan’s First Structure Equation). Let M be a smooth manifold and let V be a linear
connection on M. Suppose we work relative to the local frame ey, .. ., e, with dual coframe ¢, ...,o". Then
relative to these frames,

dp! =77+ (p' Nwd). (2.0.3)
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