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1 Introduction

Most of modern mathematics revolves around collections of objects called sets,
and functions between sets. Using set theory, we can be precise about what we
mean when we say “some infinities are larger than others”. We will also discover
that infinite sets can behave in bizarre ways: for example, an infinite set S can
contain a subset 1" that does not have all of the elements of S, but still is the
same “size” as S

2 Sets and Operations on Sets

Definition 2.1. A set is a collection of distinct “things” which we call ele-
ments. If S is a set and z is an element of S, we indicate this by writing
x € S (we interpret the € symbol as meaning “is an element of”). If z is not
an element of S, we write ¢ S. We say that two sets are equal if they have
exactly the same elements.

e A set may contain no elements at all, in which case it is called the empty
set, denoted by @. A set that is not empty is called nonempty.

e A nonempty set may contain a number of elements which can be counted
using counting numbers (positive integers 1,2,3,...). In this case, we say
that the set is finite. The number of elements in a finite set S is called
the cardinality of S and is denoted by |S].

o If a set is nonempty and not finite, we say that it is infinite.

We often write small sets by listing the elements and surrounding the list in
braces. For example, the set

{1,v2,dog}
is a finite set containing three elements. Note that the order in which we write
the elements inside the braces does not matter, so {1,v/2,dog} = {dog, v/2,1}.
Notice also that
{1,1,2}

is not a valid way to write a set since a set must contain distinct elements, so we
cannot have 1 repeating inside the set. We can also use “set-builder” notation
to write down complicated sets. For example, suppose we start out with two
sets:

A=1{1, V2, dog}, B ={0,1,0,cat}. (1)

Now we can define a third set to be the set of animals coming from A and B.
We denote write this set as follows:

{z | x is an animal, and € A or z € B} = {dog, cat}.

Some famous infinite sets include



e The set of natural numbers N :={0,1,2,... }.
e The set of integers Z .= {...,—2,—-1,0,1,2,... }.

e The set of rational numbers Q, which is the set of all fractions that can
be formed with integer numerators and denominators (like 0, %, f%—?, and
SO on).

e The set of all real numbers R, which is the set containing all rational
numbers and also all irrational numbers like 7 and /2.

Note that in the examples above, it is clear that every natural number is an
integer, every integer is a rational number, and every rational number is a real
number. So we can think of the set N as being a “set contained inside Z”. More
precisely, we can think of N as a subset of Z.

Definition 2.2. If A and B are sets, we say that B is a subset of A if for every
x € B we have x € A. We denote this by writing B C A. By convention, we
say that @ C A for any set A. Given a set S, the collection of subsets of .S itself
forms a set and is called the power set of S, denoted P(.5).

If BC Abut B # A, then we say that B is a proper subset of A, and we
denote this by writing B C A.

So in our examples above, we have the following “string” of subsets of R:
NCZCQCR.

Given two sets A and B, we can put them together to make a larger set
containing both A and B. We can also make a smaller set that is contained in
both A and B.

Definition 2.3. Let A and B be sets. We define the union of A and B to be
the set
AUB ={z |z € Aorz € B}.

We define the intersection of A and B to be the set
ANB:={z |z € Aand z € B}.

If AN B = @, we say that A and B are disjoint.

For example, for the sets A and B defined in line [I| above, we have

AUB = {1,V2,dog,cat,0,0}, ANB={1}.

Importantly, for any sets A and B, the following are true:

e ACAUB.

e BC AUB.

e ANBC A.



e ANBCB.

Hopefully, it is clear that we can take the union and intersection of more than
just two sets. In fact, even if we have infinitely many sets, we can still take a
union and an intersection of all of those sets. For example, if S is an infinite set
and for each s € S, we have a set X, we write the union and intersection of all
of the sets X, as

Union of all X as s varies over S = U X,
ses

Intersection of all X as s varies over S = ﬂ Xs.
seS
For example, suppose for each n € N we define X,, to be the set of nonnegative
integer multiples of n. So,

Xo = {0}, X1 ={0,1,2,... }, X, ={0,2,4,...},
Then, we note that
UX.=N, () X.={0}
neN neN
We have one final definition for this section.
Definition 2.4. Let A and B be sets. We define the set:
A\B={x€ A|x ¢ B}.

Now let X be a set and suppose S C X. We define the complement of S in
X to be the set
Se=X\S.

As a simple example, of the above, note that the set R\ Q is the set of real
numbers that are not rational. This is the set of irrational numbers.

2.1 Exercises
1. If AU B = A what can we say about B? What about if AN B = A?



2. Show that for any sets A and B, we have A = B if and only if A C B and
B C A.

3. Let X be a set and let A and B be subsets of X. Show (AUB)¢ = A°NB°
and (ANB)°¢ = A°UB°. These identities are sometimes called De Morgan’s
laws.

3 Functions

Before we can compare the sizes of different sets, we need to let sets talk to
each other. To do this, we define functions which turn elements of one set into
elements of another set.

Definition 3.1. Let A and B be nonempty sets. A function f: A — B
associates to each element x € A an element f(x) € B. We say that A is the
domain of the function and B is the codomain of the function. For any subset
T of the domain A, we define the image of T to be the set

fT)={f(x) [z €T}



We define the image or range of the function f to be f(A4). For any subset S
of the codomain B, we define the preimage of S to be the set

FHS) ={x € A| f(z) € S}.

The picture shown below illustrates an example of a function A — B.

j—

Note that the image of the function above is not equal to B—it is only a
proper subset of B. Moreover, notice that two different elements of the domain
A are sent to the same element of B by the function. There are special names
for functions that do not have these two properties.

B

Definition 3.2. Let f: A — B be a function. If im f = B then we say that
f is surjective. If f(z) # f(y) for any elements z and y of A with z # y, we
say that f is injective. If f is both surjective and injective, we say that f is
bijective.

Sometimes, it is useful to shrink a function’s domain or codomain.

Definition 3.3. Let f: A — B be a function. If S C A, we say that the
function f|g: S — B defined by f|s(z) = f(x) for all z € S is the restriction
of fto S. Ifim f C T C B, we say that the function f|7: A — T defined by
f|¥(x) = f(z) for all x € A is the corestriction of f to T.

Another thing we can do is that given two functions, if one outputs elements
of B and the other takes inputs from the set B, then we can apply these functions
one after the other to make a new function.

Definition 3.4. Let f: A — B and ¢g: B — C be functions. Then the com-
position of f and g is a function go f: A — C defined by

(go () = g(f(z)).

Keep in mind that it is essential that the codomain f to match the domain
of g for the composition g o f to be defined. For example, if f: {1,2,3} - N
is defined by f(z) = 2 +1 and g: N = Q by g(z) = 3, then the composition
go f:{1,2,3} = Q would be the function defined by (g o f)(z) = £t

Definition 3.5. Let A be a set. The function 14: A — A defined by 14(z) = «
for all z € A is called the identity function on A. If f: A — B is a function
such that there exists a function f~': B — A with f 'of =14 and fof~! =
1p, we say that f is invertible and f~! is the inverse of f.



3.1 Exercises

1. Draw a diagram of a function that is injective but not surjective, and a
diagram of a function that is surjective but not injective.

2. Let f: A — B be a function. What can we say about the preimages
f~t({z}) where x € B if f is injective? What about if f is surjective?

3. Suppose A and B are finite sets. Show that |A| < |B| if and only if there
is an injection A — B. Show that |A| > |B] if and only if there is a
surjection A — B.

4. Show that a function is invertible if and only if it is bijective.



4 Cardinality

The previous exercise section suggests how we can compare the sizes of infinite
sets.

Definition 4.1. Let A and B be any sets (even infinite). We call the symbol
|A| the cardinality of A. If A is finite, we interpret |A| as the natural number
representing the number of elements in A. If |A| infinite, we still interpret |A|
as representing the “size” of A but we make no comment on what type of object
|A] is in this case—it is certainly not a natural number.

e We say that |A| < |B| if there exists an injective function A — B.
e We say that |A| > |B| if there exists a surjective function A — B.
e We say that |A| = |B| if there is a bijection A — B.

e We say that |A| < |B| if |A| < |B| but |A| # |B].

o We say that |A| > |B| if |A| > |B| but |A| # |B].

Spend a few moments to realize that |A| = |B] if and only if |B| = |A| due
to the previous exercise, since given a bijection A — B we can just take the
inverse which will be a bijection B — A. Also, make sure you see why if B C A,
then |B| < |A|.

Notice that from our definition, it is actually not so obvious that |A| < |B]|
holds if and only if |B| > |A|. That is, it is not obvious that an injection A — B
exists if and only if a surjection B — A exists. This does turn out to be true,
so let us think about why.

Definition 4.2. Let S be a nonempty set and for each s € S let X be a set.
The Cartesian product of the sets X is the set of functions f: S — [, g X
that satisfy the property f(s) € X, for each s € S. The Cartesian product is

denoted
ITx.= {f: S—JX.

seS sES

f(s) € X for allsES}.

We can now walk through the proof of the following theorem with the steps
listed below.

Theorem 4.1. For any sets A and B, we have |A| < |B| if and only if | B| > |A|.
Proof.

1. First suppose |A| < |B|. This means there is an injection f: A — B.
We want to show that there exists a surjection g: B — A. Construct
a surjection g using the function f. First define where g can send each
element in the image of f. Then what can g do to elements of B outside
of the image of f?



2. Now suppose |B| > |A|. This means that there exists a surjection g: B —
A. We want to show that there exists an injection f: A — B. Recall
from a previous exercise—what does the surjectivity of g say about the
preimages g~ ({z}) where z € A?

3. What is the set (J, ., g7 ({2})?

4. Consider the Cartesian product [,y ¢~ *({z}). You may use the fact
that the Cartesian product of nonempty sets is nonempty (this is a rule
called the aziom of choice). Use the axiom of choice to reason that the
Cartesian product is nonempty. Complete the proof of the theorem by
showing that any element f of this Cartesian product is actually an injec-
tion A — B.

O

Another fact that is not so obvious is that if |A| < |B| and |B| < |A], then
|A| = |B|. This is also true, but it is a bit harder to prove, so take the following
theorem as a challenge.

Theorem 4.2 (Schroder-Bernstein Theorem). For any sets A and B, if |A| <
|B| and |B| < |A|, then |A] = |B|.

Proof.

1. We start with the assumption that A and B are nonempty sets with |A| <
|B| and |B| < |A]. Let f: A — B and g: B — A be injections. For
each element xy € A, we can run the following algorithm to construct a
sequence of elements.

e If 2y € img, then since g is injective the preimage g~'({z}) is a
set containing a single element, say x1. If 2y ¢ im g, the algorithm
terminates immediately at xg.

e If z; has been defined, check to see if 1 € im f. If it is, then since f
is injective, we can define x5 to be the unique element of f~*({z1}).
If 1 ¢ im f, the algorithm terminates at x.

e Assuming our algorithm has not terminated up to defining x;, we
continue the above procedure to attempt to define ;1. If 7 is odd,
we check if z; € im f. If it is, then we define z;41 to be the unique
element of f~1({z;}). If i is even, we check if z; € im g. If it is, then
we define x; 11 to be the unique element of g=!({x;}). If x; ¢ im f
and ¢ is odd, or x; ¢ img and ¢ is even, our algorithm terminates
with the element x;.

Now we can define the following sets:
As = {xg € A | the algorithm never terminates}

Ag = {xo € A | the algorithm terminates at z; for some i even}



Ap = {xy € A | the algorithm terminates at z; for some i odd}.

Observe that the sets Ao, Aa, and Ap are disjoint sets and their union
is A.

2. Similarly, convince yourself that we can use essentially the same algorithm
to decompose B into three disjoint subsets By, (elements for which the
algorithm never terminates), B4 (elements for which the algorithm termi-
nates with some element in A), and Bp (elements for which the algorithm
terminates with some element in B), with B = By U Bp U B.

3. Show that f(Aw) = Boo, f(A4) = Ba, and g(Bp) = Ap.

4. Let g: B — im g be the corestriction § := g|™9. Note that g is bijective
and thus invertible by a previous exercise, so ! exists. Using one of the
identities from the previous step, show that A C img so §~!(z) makes
sense for any x € Ap.

5. Now consider the function h: A — B defined by

_ ) fl=) T € Asw UAA
he) = {gl(x) x € Ap

Conclude the proof by showing that h is bijective.

4.0.1 Optional: Total Orderability of Cardinality

Notice that our definition of the order relation on cardinalities does not make
it clear that given any two sets A and B, it will always be the case that either
|A] < |B] or |B] < |A|. This is in fact true, but the proof requires more
machinery. More specifically, we will need to use a version of the axiom of
choice called Zorn’s lemma. To understand this lemma, we need to first discuss
the concept of order.

Definition 4.3. Let S be a set. A relation < on S consists of a list of state-
ments written x < y, where x and y are elements of .S, that are declared to be
true. We say that the elements x,y € S are comparable if ¢ < y or y = =z.
We say that S and =< together form a partially ordered set if the following
properties are true.

1. For every x € S, the statement x < x is true. That is, < is reflezive.

2. If x <y and y <X x are true for some x,y € S, then x = y. That is, < is
antisymmetric.

3. If x < y and y =X z for some z,y,z € S, then x < z. That is, < is
transitive.



Of course, a standard example of a partially ordered set is R with its usual
order (1 < m, —/2 < 50, etc.). For that matter, N, Z, and Q all become
partially ordered sets with this usual order < as well. But it is crucial to note:
not every pair of elements in a partially ordered set need to be comparable.

For example, let S be a set and consider its power set P(S). Observe that the
relation C turns P(S) into a partially ordered set. It is reflexive, antisymmetric,
and transitive. However, it is certainly possible for it to be the case that A and
B are subsets of S but A ¢ B and B ¢ A. As a simple demonstration, note
that this is true of the subsets {1,2} and {1, 3} of Z.

Definition 4.4. Let S be a set with a relation < turning it into a partially
ordered set. We say that S is totally ordered if for any two elements of .S are
comparable.

Let T C S be a subset. Then T is also a partially ordered set with the
relation <. If T is totally ordered, we say that T is a chain in S. If x € S
satisfies y < x for every y € T, we say that x is an upper bound of T.

If x € S does not satisfy < y for any element y € S\ {z}, we say that z is
a maximal element of S.

Moving back to our example of P(S) with C, observe that if T' C P(S) is
a chain, then J ., A is an upper bound of T. Moreover, there is exactly one
maximal element of P(S), namely S itself! In this case the maximal element
is unique, but this need not be true for every partially ordered set. Sometimes
there can be no maximal elements at all and sometimes there can be multiple.
Can you cook up some examples of partially ordered sets with these behaviors?
Now we can state Zorn’s lemma.

Theorem 4.3 (Zorn’s Lemma). Let S be a nonempty partially ordered set. If
every chain in S has an upper bound, then S has at least one maximal element.

It turns out that this lemma is equivalent to the axiom of choice, which we
saw earlier in the proof of Theorem [4.2]in the form of “the Cartesian product of
nonempty sets is nonempty”. The fact that these two statements are logically
equivalent is not obvious or even intuitive at all, and we do not concern ourselves
with the proof here.

If you are still reading, now is the time to do the first two exercises of Exercise
Section After those exercises, we finally have all of the language necessary
to prove what we set out to prove in this section. This proof is written pretty
formally, so if you have any questions about it please ask!

Theorem 4.4. For any sets A and B, either |A| < |B| or |B| < |A].

Proof. Let S be the set of all injections from subsets of A to B. Graphing gives
us a function I': S — P(A x B). The image imT" forms a partially ordered set
with the inclusion relation C. If B is empty, it is immediate that |B| < |A], so
suppose that B is nonempty. Then imI' is nonempty.

Observe that I'(f) C I'(g) if and only if dom f C domg and glgom r = f-
Let T C imI' be a chain. For any @ € {J;cpdom f, note that if g,h € T



and z € domg N domh, then g(x) = h(z). That is, the image of x is the
same for any function in T defined at x. Therefore, we can define a function
7: Ujerdom f — B by 7(z) = g(z) for any g € T with z € dom g.

Suppose z,y € (Jsepdom f are distinct elements such that 7(z) = 7(y).
Suppose z € dom f; and y € dom f5 for some f1, fo,€ T. Since T is totally
ordered, we may assume without loss of generality that I'(f1) C I'(f2). But
then fo(z) = fa(y), which violates the injectivity of fo. Hence, we must have
that 7(x) # 7(y), so 7 is injective, meaning 7 € S.

By construction, I'(f) C I'(r) for all f € T. So I'(r) is an upper bound of
T. So we have shown that imI' satisfies the hypothesis of Zorn’s lemma. By
Zorn’s lemma, imI" has a maximal element ¢: X — B where X C A.

Ifx € A\ X and y € B\ im ¢, then we can extend ¢ to a function @: X U
{z} = B by ¢|x = ¢ and ¢(z) = y. This would violate the maximality of
. Therefore, either A\ X is empty, in which case f is an injection A — B so
that |A| < |B|, or B\ im ¢ is empty, in which case f~!|4 is an injection so that
|B| < |A]. O

4.1 Exercises

1. Given two sets A1 and Ay, we define the set of ordered pairs
Ar x Ay ={(z,y) | x € A1, y € Az}

Find a bijection
H AZ — A1 X AQ.
ie{1,2}

Because of this natural bijection, we often think of the Cartesian product
of two sets as just being the same as the set ordered pairs A; x A, instead
of a set of functions as defined in Definition In general, we can think
of the Cartesian product of the sets Ay, As, ..., A, (where n is a positive
integer) as the set of n-tuples (ai,as,...,a,) where a; € A; for each
1€{1,2,...,n}.



2. Let f: A — B a function. The graph of f is the set
I(f) ={(z, f(x)) |z € A} C AxB.

Let w: Ax B — A be the function defined by 7((z,y)) = x. Consider any
nonempty subset S C A x B. Show that S is the graph of some function
A — B if and only if [SN7~1({z})| = 1 for every z € A. This is often
called the vertical line test.

3. Let S be a set such that P(S) with C is totally ordered. What can you
say about |S|?

5 Countably Infinite Sets

Now that we know how to compare the cardinalities of any sets, we can start
thinking about the sizes of infinite sets. The first fact we will demonstrate is
that one can find infinite sets A and B such that A C B but |A| = |B|. This is
surprising because we all know that this can never occur for finite sets!

Theorem 5.1. |Z| = |N]|.

Proof. Note that finding a bijection f: N — Z is a matter of counting all of the
integers one by one in such a way that every integer is eventually counted. We



can do this by “jumping back and forth” on the number line as shown in the
following diagram.

We start first at 0, then jump to 1, and then to —1, and then 2, and then
—2, and so on. In other words, we may define our function f by

Indeed, this function f is surjective, since every integer is eventually hit by our
function. f is also injective, since we never return to the same integer twice.
Hence, f is a bijection. If you would like an explicit formula for f, you can use:

fm) = (=" [ 2]

where for any real number z, [x] is the smallest integer greater than or equal
to z. O

In fact, we can push this even farther!
Theorem 5.2. |Q| = |N|.

Proof. Once again, to find a bijection f: N — Q we need to count all of the
rational numbers one by one in such a way that every rational is eventually
counted. First, let us write out all rational numbers in an infinite grid as
follows.
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First observe that we think of each slot in the grid as containing both the
listed fraction and its negative (hence the £ symbols). Moreover, notice that
the rational numbers can certainly appear more than once on this grid because
fractions can be reduced. For example, the fraction % reduces to % which already
appears earlier in the grid. So when we determine a path through this grid, we
need to make sure we skip over fractions whose reduced versions we have already

run into. We do it in a zig-zag pattern as follows:

0

Whenever we reach a fraction, we immediately count both the fraction and



its negative. So the function we are proposing here is defined by

F0)=0, fO)=1, @) =-1 [@)=2 fW=-2 [6)=3,
1 1 1
f(6):_§a f(7):§7 f(8):_§a f(9)237 f(10)2—37

This function is surjective since every number in the grid will eventually be
reached. It is injective since we are deliberately skipping over numbers that we
have already met. Hence, f is a bijection. O

So incredibly, even though N C Z C Q, we have |N| = |Z| = |Q|. We have a
name for these kinds of sets.

Definition 5.1. If S is a set with |S| = |N|, then we say that S is countably
infinite.

You may wonder if this can be pushed further: is R countably infinite? We
will see in the next section that the answer to this question is no. First, let us
construct some more countable sets.

Theorem 5.3. Let A be countably infinite and let B be an infinite set with
|B| < |A]. Then B is countably infinite.

Proof. Let f: N — A be a bijection and let g: B — A be an injection. We wish
to define a bijection h: N — B. First, consider the set S_; = f~!(img) C N.
Note that for each element x € im g, since g is injective, we have that g=({z})
contains a single element. We denote this element by (g|™9)~!(x).

The natural numbers are well-ordered which means, for each subset S of N,
there exists a minimal (smallest) element, denoted min S. Now define

h(0) = (™)~ (f (min (f~(img)))), So=f"(img)\{min (f~'(img))}.
Now for each n € N, we define
h(n+1) = (g™ ™" (f (minS,))  Spy1:=95,\ {mins,}.

Since B is an infinite set, f~!(im g) is also an infinite set, so removing elements
one at a time from f~!(im g) will never exhaust the set. That means the above
procedure for defining h(n + 1) never terminates. This means that we have
successfully defined h(n) for every n € N. We have also constructed h(n) in
such a way that h(n) € B for all n € N. Therefore, we have successfully defined
a function h: N — B.

All that remains to check is that h is bijective. Suppose that h(m) = h(n).
Since g is injective, this would have to mean that f(minS,,—1) = f(min S,_1).
Since f is bijective, it is injective, so this means min.S,,_; = min.S,_;. But
each set S; is defined by removing the smallest element from the previous set
Si—1. So the only way this is possible is if m = n. This proves that h is injective.

Let z € B be chosen. Then, f~!(g(z)) is a natural number that will even-
tually be the minimum of one of the sets S;. Therefore, h is surjective as well.
This concludes the proof. O



If the proof of the above theorem is confusing, try drawing it out! Or try
seeing what happens in the case that B C A instead of just |B| < |A].

The moral of this theorem is that |N| is the “smallest infinity” in the sense
that the only cardinalities that are strictly smaller are finite! This theorem gives
us a big class of examples of countably infinite sets. Namely: any infinite subset
of Q is going to be countably infinite. This includes things like:

e The set of integer multiples of n for any nonzero integer n.
e The set of prime numbers.

e The set of fractions whose reduced denominators are odd.

We will prove one last theorem about countably infinite sets: a countably
infinite union of countably infinite sets is countably infinite.

Theorem 5.4. Let S be a countably infinite set and for each s € S let X, be
a countably infinite set. Then (J, g X is countably infinite.

Proof. They key here is that just like the case of rational numbers, one can list
out the elements of | J, g X in an infinitely large grid. Then, finding a bijection
N — U,cs X is just a matter of walking through this grid and meeting each
element in the grid exactly once. We do this as follows:

\l /)LI, )%IIZ i ‘;‘1 /—7%l/¢/r T

/ / . Noss - T
U Uoq 1.8 Moy
Us, Na,q %s, 3 Ly Los B

5 ,
2

%u,t %q,i %@,3 Ly e . -
(Lg,l %5/’1— e, s, Lo - -

Of course, like before, we skip over any repeated elements. This path will con-
tinue for infinitely many steps because |, g X5 is an infinite set (as it contains
at least one infinite set Xy). O

5.1 Exercises

1. Show that if X and Y are countably infinite sets, then X x Y is countably
infinite.



2. Show that if X is a finite set and Y is a countably infinite set, then X UY
is countably infinite.

6 Uncountably Infinite Sets

Now we work toward examples of infinite sets that are “larger” than N. Specif-
ically we will show that
IN| < [(0,1)].

In the exercises, you will show that even though (R\ Q)N (0,1) € (0,1) ¢ R
and (R\ Q)N (0,1) C R\ Q C R, we have

I(R\Q) N (0,1)] = [R\ Q| = [R] = [(0, 1)].

To show that (0, 1) is uncountably infinite we will need the following result about
nonunique decimal representations. Famously 1 = 0.999..., which demonstrates
that decimal representations of numbers are not necessarily unique, but the
following theorem essentially says that this is the worst that can happen. If
you are not familiar with infinite series and geometric series, feel free to skip
the proof of the next theorem, though the theorem itself will be needed for our
main result.

Theorem 6.1. Let x be a real number with more than one decimal represen-
tation. Then x has exactly two decimal representations, and the only difference
between the two is in the tail of the decimal representations in the following
way: one decimal representation consists of 9 repeating forever in the tail, and
the other decimal representation is the same but with the digit before the tail
of 9’s increased by 1 and the digits 9 in the tail replaced with 0:

x=...ay9999---=...(ay +1)0000....
Proof. Suppose that x is a real number with the decimal representations

= (an-10") 4+ (@p_1 - 10" 1) 4o = (b, - 10™) + (b1 - 10™ ) + ...



where the a; and b; are digits from {0,1,2,3,4,5,6,7,8,9} and a; = b; = 0 for
any ¢ > n and j > m. Suppose N is the largest integer such that ay — by # 0.
We may freely assume that any — by < 0 (otherwise swap the roles of the a; and
b;). Subtracting the two different decimal expansions for x, we will have

O=z—zx= [(aN — bN)loN] + [(aN—l — bN_l)loN_l] +... (2)
Now observe that

[(aN_1 - bN_l)loN_l] + [(aN_g - bN_2)10N_2] ...<9. 10Vt +9- 10V 2 + ...
9-10N!
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Meanwhile, ay — by < —1 and thus by — ay > 1 so we have

(bN — aN)loN > 10N > [(GN,1 — bel)loN_l] + [(GN,Q — bN,Q)loN_Z].

However, Equation [2] tells us that the inequality above must in fact be an equal-
ity. As shown in our calculation above, the only way this occursisif by —ay =1
and ay_p —bny_r = 9 for all kK > 1. This means the two decimal representations
of = have a tail end that looks like:

x=...any9999---=...(ay +1)0000...,
where ay < 8. O
Now we can prove our main result.
Theorem 6.2. The set (0, 1) is uncountably infinite.

Proof. This proof is famous and known as Cantor’s diagonalization argument.

Suppose to the contrary that (0, 1) is countably infinite. Then, we may list
out all of its elements one by one. Let the following be such a list of decimal
representations of all of the elements of (0, 1).
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Now we construct a new number z in the interval (0, 1) as follows. The digits
to the left of the decimal representation of x are all 0. The n'" digit of = to the

right of the decimal point is chosen so that it is not 0, it is not 9, and it is not
the n'® digit of the n*" digit in the list.
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Observe that x is a real number in the interval (0, 1). Moreover, since z lacks
the digits 0 and 9 after its decimal point, Theorem tells us that the decimal
representation of x we have constructed is in fact its only decimal representation.
But this decimal representation appears nowhere in the list: it disagrees with



every number in the list in at least one of the place values. Therefore our list is
missing the number x, which contradicts our starting assumption that the list
contains every real number between 0 and 1! O

We have thus found our first example of an uncountable set!

This also immediately implies that |N| < |R|. You may wonder if there is
some set S whose cardinality is strictly between that of N and R. That is, is
there a set S such that |[N| < |S| < |R|? This question is called the continuum
hypothesis. It turns out that the answer to this question is independent to the
usual rules of set theory! This means that using the usual rules of set theory,
you can neither prove nor disprove the continuum hypothesis. This is similar
to how if you pick a graph and you know nothing about it other than “it is a
graph”, the usual axioms of graph theory are not enough to force the graph to
be bipartite or to force to graph to be not bipartite.

We answer one last question: are there sets that are larger than R? The
answer is yes: given any set, we can always construct an even larger set.

Theorem 6.3. Let S be a set. Then |S| < |P(S)].
Proof.

1. Let g: S — P(S) be a function. Define the set A == {x € S|z ¢ g(z)}.
Show that A ¢ img, so g is not surjective. Hence, by Theorem we
must have |S| < |P(9)].

2. Complete the proof by finding an injection S — P(S) that is not surjective.
O

6.1 Exercises
1. Show that the function defined by f: (R\ Q)N (0,1) — R\ Q defined by
S T <

2— L x>

1—x

N N

is a bijection.



2. Show that the function g: R — R\ Q defined by

(2) g+ (n+1)v2 ifz=q+ny2forsomeqeQ, neN
x) =
g T otherwise

is a bijection. Conclude that this exercise combined with the previous
exercise establishes that |[R| = |(R\ Q) N (0,1)].

3. Construct a bijection between R and (0, 1).

4. Let S be a finite set. Find a formula for [P(S)| in terms of |S].
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